A stochastic model for wound healing  by Boyarsky, Abraham
Mathematical Modelling, Vol. 7, pp. 371-375, 1986 
Printed in the U.S.A. All rights reserved. 
0270-0255186 $3.00 + .oO 
Copyright0 1986 PergamonJournals Ltd. 
A STOCHASTIC MODEL FOR WOUND HEALING 
ABRAHAM BOYARSKY 
Department of Mathematics 
Loyola Campus, Concordia University 
Montreal, Canada H4B lR6 
Communicated by Cohn W. Clark 
(Received January 1985; revised May 1985; received for publication 1.5 May 1985) 
Abstract-Three separate activities of wound healing have been identified: migration, 
proliferation and differentiation. In this paper we present a mathematical model for the 
activities of migration and proliferation in an in vitro system. The motion of a cell is 
modelled by a two-dimensional Brownian motion in the “unwounded” media. To reflect 
the proliferative activity in the wound area, we shall impose growth dynamics on the 
cells which are position dependent. From the resulting motile-growth stochastic model, 
we are able to estimate the expected number of cells in the wound at time t. From this, 
the expected time of wound closure can be predicted. 
INTRODUCTION 
There are certain biological processes in which the random motility of cells plays an 
important role. In development, for example (Trinkaus[l], Chap. 3), “Cells might also 
accumulate in significant numbers at a given place after completely random movements, 
if they are selectively eliminated elsewhere or if there is some means of trapping those 
that by chance enter this region.” Various mechanisms for “trap action” are discussed 
in Trinkaus[l]. In the special site or trap, cells duplicate, differentiate and ultimately form 
organs or limbs. According to Wolpert[2], “In the area of morphogenesis, cell motility 
and cell contact are increasingly emerging as the basic elements in a variety of systems.” 
A process where random motility plays a tragic role is metastasis: Cells, due to loss of 
contact inhibition, detach from the tumor and migrate through the blood stream or lym- 
phatic system, then lodge in specific sites where their growth is fast and, all too often, 
independent of the surrounding tissue. 
In this note we are mainly concerned with two aspects of the wound healing process: 
migration to the wound site and proliferation there, which ultimately covers the gap with 
new tissue. The reader is referred to Needham[3] or Robbins and Angell[4] for a detailed 
discussion of the mechanisms involved in repair. The proliferation at the wound site is 
possibly due to a reduction in the compound chalone, which acts as a mitotic inhibitor 
(Bullough[S]). Although chalone has not been isolated, studies have shown (Robbins and 
Angell[41, p. 56) “that during active regeneration, there is a remarkable reduction in the 
length of the generation cycle of the cells.” 
We shall focus on the migratory and proliferative features inherent in wound healing, 
but at the same time we note that these two basic processes are applicable to morpho- 
genesis, cell-sorting, metastasis and the inflammatory response. 
STOCHASTIC MODEL 
We wish to obtain a model which describes the random motion of a cell and simulta- 
neously the position-dependence of its growth dynamics. For example, the same cell in 
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a chalone deprived region, such as a wound, will grow much faster than in a region with 
normal chalone concentration. To do this, we shall need a model for the random motility 
of the cell. In Peterson and Noble[6] and Noble and Peterson[7] a random walk, which 
is in a sense a discrete approximation to Brownian motion, is used to describe the motion 
of cells. In Boyarsky et a1.[8], a stochastic process derived from Brownian motion is 
employed in the modelling of human granulocyte movement in chemotactic fields. 
We shall consider a two-dimensional cross-section of a wound with the media on one 
side of it, as depicted in Fig. 1. Let 21 be the width of the media. The thick line % denotes 
a cross-section of the internal boundary of the wound, and the one cell under observation 
(for now) is positioned at 0, having x-distance a from ‘% at time t = 0. We assume that 
the cell under observation is close to Se, and that the surface of the wound appears like 
an infinite plane to it. This can be safely assumed unless the wound area is extremely 
small. The sides of the wound are not relevant then, and the operating mechanisms of 
motility and mitosis are assumed to be uniform all along the length of the wound under 
consideration. 
It is well known that the cells in the media maintain a fairly constant mass. The mitotic 
rate is very low until the cell is in the vicinity of the wound. Although there is a gradual 
increase in the mitotic rate as the cell approaches the wound, to facilitate the mathematical 
analysis we shall assume that the mitotic rate is 0 until the cell crosses the boundary Se; 
once it is in the wound area, it experiences a strong stimulus to grow. When the cell 
attains its mitotic mass, it divides. Then the two daughter cells divide and so on until the 
gap is closed, at which time contact inhibition causes the duplication to cease. 
We shall represent the dry-mass growth dynamics of a cell in the wound by the equation 
M(t) = MO + Qot, (1) 
where MO is the cell mass at time zero and Q. is the (constant) rate of synthesis of dry 
mass (Reiner[9]). The parameter Q. will be a function of the amount of chalone present. 
- 
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Fig. 1. Two-dimensional section of healing wound. 
Personal communication with Dr. Peter Noble. 
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We now address ourselves to the problem of mathematically expressing the phenomena 
of discontinuous growth patterns across the boundary of the wound. In order to describe 
this position-dependent growth, we shall need the two-dimensional Brownian motion R, 
= (X,, YJ which describes the motile behaviour of a cell in the media starting at the origin 
at time t = 0. The two components of the Brownian motion are independent one-dimen- 
sional Brownian motions. Assuming there are no drift terms, each possesses the transition 
probability density function: 
p&, y) = vf,t e-[(Y px)2’2tl, t > 0. 
Let T be the first time the cell hits %. T is, of course, a random variable, depending on 
the path of the cell. For t < T, the cell is in the media outside the wound, and the cell 
mass is constant with mass a. For t > T, the cell is in the wound; the cell is now restricted 
from returning to the media and the increase in its growth rate is reflected by Qo is Eq. 
(1). We can now represent the discontinuous change in cell growth behaviour across the 
temporal boundary at T by means of the single equation 
M(t) = 2 + Qo(t - T), t > T, (2) 
where M(T) = a. Note that it is the position-dependent random variable T which controls 
the time at which the new growth rate takes effect. M(t) is now a stochastic process, and 
hence the generation time of the cell crossing over % is a random variable. In order to 
determine the number of cells in the wound at time t, it is important to know the probability 
density function of this generation time. 
Since % is assumed to be infinitely long and wide, the tirst time R, hits % is also the 
first time the one-dimensional Brownian motion X, starting at point l-u hits the point 1, 
shown in Fig. 1. Since Brownian motion is space homogeneous, the probability of X, 
hitting point 1 and starting at l-a is the same as the probability of X, starting at the origin 
and hitting point a. Thus T can be considered as the first hitting time of point a by a one- 
dimensional Brownian motion starting at the origin. The probability distribution function 
of this random variable T is well known (Karlin[lO], p. 347): Thus T has the probability 
distribution function 
PIT I t} = 
J/ 
f ,,, e-52i2 d[. (3) 
Now let 7 be the time at which the cell, having crossed %, attains its mitotic mass, 
2M0. 7 is a random variable. To compute its probability density function, we proceed as 
follows: Since the event {T > t} means that M(t) < 2M0, we have 
P{T > t} = P{M(t) < 2M,}. 
In view of (2), we get 
P{T > t} = P{M + Qo(t - T) < 2M,} 
= P{T > t - K}, 
where K = (2M0 - a)/&. Using (3), we have 
P{T 5 t} = P{T 5 t - K} 
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To obtain the probability density function of T, we differentiate with respect to t: 
f,(t) = d2T(t ‘_ K)3,2 e-[a2’2(r-KK)1. (4) 
We can now estimate the expected number of cells in the wound area at time t. Let 
N(t) be the number of cells in the wound at time t, assuming an initial population of one 
cell. We claim that 
1 + 2[('-44v 2 N(t) 2 2K-7N31 - 1, 
(5) 
where [CJ] = 0 if q < 0 and [q] = largest integer < 4 if q > 0, and p is the generation time 
within the wound area. For t L T, N(t) I 2 ~-~)‘a~ + 1; hence (5) is true. For T 5 t < T, 
N(t) = 1 since the cell that has crossed into the wound area but has not yet divided for 
the first time. Equation (5) implies that for T I t, 
1 + 20 2 N(t) 2 2O - 1 = 0, 
which is obviously satisfied for N(t) = 1. For t < T, N(t) = 0, since the cell has not yet 
crossed %. Since T < 7, it follows that t < T, and (5) implies that 
which is again satisfied for N(t) = 0. Thus (5) is valid for all t z 0. 
By use of (4), we can now estimate the expected number of cells in the wound area at 
time t: 
- 1-t I cc2 K-Mf(x) d_x 2 EN(t) 2 
0 
I = 2[(‘-x)‘Plf(X) & - 1, (6) 
0 
i.e. 
r e0.693[(r-x)/P1~la2/2(x-K)1 
(x - K)3'2 
dx 2 EN(t) 
m e0.693[('-x)l~1-Lrr2i2(x-K)1 
(x - K)"2 
da-l. (7) 
If t is large, then there is a high probability that it will be greater than the random 
variable T, and we may approximate EN(t) by 
0 693[(r--x)/P1-[u2/2(x--K)1 “e. 
(x _ ~)3/2 do. (8) 
Suppose there were initially n cells in the media, each cell positioned x-distance ai from 
the boundary %. Then, assuming that there is no interaction between these n cells, (8) 
generalizes to 
s e0.693[('~x,'~1-[rr~i2(x~K)1 
(x - K)3’2 
dx. (9) 
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Let us now assume that the cross-sectional area A of the wound region can be measured. 
As the cells in the wound area continue dividing, they form layers that eventually till out 
the gap. The resulting tissue has a fixed, measurable packing density for the given cell 
type from which the cross-sectional area c of each cell can be obtained. The time 01 at 
which proliferation ceases is a parameter of importance, which can be derived from the 
relationship 
cEN(a) = A. (10) 
Equation (10) states the condition that the total area of all the cells in the wound at time 
(Y is equal to A. Using (9) we get 
cc e0.693[(a-~)l~1-[[af/2(x-~)1 
(x - K)3'2 
dx=A 
or 
/ 0 
(11) 
With the aid of numerical search methods, (Y can be found. Thus Eq. (11) predicts the 
time of wound closure from the measurable parameters K, f3, A and c. 
Acknowledgemenr-This research was supported by the National Research Council of Canada through Grant 
No. A-9072. 
REFERENCES 
1. J. P. Trinkaus, Cells into Organs. Prentice-Hall, Englewood Cliffs, NJ (1968). 
2. L. Wolpert, Positional information and pattern formation. In Towards a Theoretical Biology 3 (Edited by 
C. H. Waddington). Edinburgh Press, location (1968). 
3. A. E. Needham, Regenerati& and Wound Healing. Methuen, John Wiley, New York (1952). 
4. S. L. Robbins and M. Anaell. Basic Patholopv. W. B. Saunders, Philadeluhia (1971). 
5. W. S. Bullough, Cell replacement after tissue damage. In Wound~ealing (Edited‘by Sir Charles Illingworth), 
p. 43. Little, Brown, Boston (1966). 
6. S. C. Peterson and P. B. Noble. A two-dimensional random walk analvsis of human aranulocvte movement. 
Biophys. J. 12, 1048-1055 (1972). 
7. P. B. Noble and S. C. Peterson, A two-dimensional random walk analysis of aggregating sponge cells prior 
to cell contact. Exu. Cell Res. 75, 288-292 (1972). 
8. A. Boyarsky, P. B: Noble and S. Peterson, Chemotaxis in vitro quantitation of human granulocyte movement 
using a one-dimensional stochastic differential equation. Biophys. J. 16, 249-258 (1976). 
9. J. M. Reiner, Molecular biology and the kinetics of cell growth: II. A note on mass-volume relations. BUD. 
Math. Eiol. 35, 109-113 (1973). 
10. S. Karlin and H. M. Taylor, A First Course in Stochastic Processes, 2nd Ed. Academic, New York (1975). 
